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Classical triangle centers
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2 Classical triangle centers
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2.4 Orthocenter (FEi))
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F5NFEY, CCTE2RD2BLBIRZRER Ln=1F8b5. n=J &B>TIhH
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THRIEHINDET,
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CF = sCA +1CB
tLET,
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THbh., 7=
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TH->T. R FI3ERE BE LICHDEFITHS
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TY. ChS5ZRITE
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C@+O_l>7:3(@+0_f4)+£(6@+0?)
OF = A+ 5§+ 58
T7,

[BIfgZEdD2] BD:DC=1:2%DTAABF :
NCAF =1:2T9, ¥/t. CE:EA=2:3T%¢
5. ABCF: AABF =2:3T9,

iE-T

ABCF : ACAF : NABF =2:6:3
HaAhDEITHh 5. GIE 1.2 DFERHIS E
52 204 + 608 + 30C 5

11 c

T, O

BEAEE 7 AABC @O0 AB D% M. MC OHm% D ¥ L. 38 BC % 21 ICANT
2% Erdhid. 3HADERLIERLEICHZZEEIALTTEL,

AD = AM + MD
:Zﬁ+%ﬂ8
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_%,ﬁﬂéﬁ
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THB—A.
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2
TH-T. 2+ 2=1TIH5. RE RS AF LICHD FET O

BEXEF 9 34 ABC ICRRWT. @ BC LIZE D B> T. 38 ABD OEREH R.
3AK ADC OEBEMN S THH L LT,
(1) BD : DC #R®OTFEW.  (2) AD % AB, AC TRLTFEW,

(1) 22D=AR AABD,AADC 3. ThENDEDN AD,DC 2L I3 LR/TRRLT
T o THRDLIZEIDLIZELWELSHD. RHBLHIFR: ST,
Q) MICHRZRDEZEETFLI-OTAHELET, O

HAEE 10 38F ABC ICFRWT., TEE A Off (LCAB) D2%E95#8H58 BC £3XH 3
mEDYL. BLDRIN AB =1, AC=m THo1-t LT,
(1) BD : DC #R®OTFEW.  (2) AD % AB, AC TRLTFEW,

VESRADADESZ I LET, 2D00=AF AABD, AADC [3HBOEBIH AD 12
CEZDEETIXENEN ABsind, ACsinf TY, > CHEELIZF AB: ACTHREDHLEI:m T
HBIELDHD FT,

SEIRRAZ2ZEZT. AL220=AFDFNENDELN BD,DC FrEZ2Z3r. SEIZ
CNSD=AFEHEBOETEF>TVET, Ko THRLIEEIDLICFELWELSGH,D., K
»3HiF:m TY,

Q) HICHRFDEEETF LI-OTERLEY, O
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HEASEE 11 =/ ABC OJER A hSHBAICED > T WEEZFDEE D £ L. LABC =
B8, /BCA=~THBLLET,

(1) BD:DC #RHTFEW.  (2) AD % AB, AC TRLTFEL,

(1) % = tan 3, % =tany DT

@ _ tanvy o ) _ )
DC ~ tanj3 945 BD:CD=tanvy:tanf
K@oTb\iTo
() HICHRAKDEZESIELOTEELET, O

BEXEE 12 (1) Io=AwICsWT
BD:DC=n:m, CE:EA=Il:n
DEDII>TVWREE AF:FB=m: [ BEDIL>TWVW3BC

rERLTFE L,
(2) OC % OA,0B,0C TRLTTFE W,

(1) BD:DC=n:m &b, ABDG: ADCG = ABDA: ADCA=n:m T#H>7T. &>
T AABG : ACAG =n:m TS,

2<EAICCE:EA=1:n&D ABCG : AABG =1: n THHDOETHS. ACAG :
ABCG=m:12%D, AF:FB=m: I B9HDFT,

(2) SHOBER (FIE 1.2) IC&nS

H
52— 10A + mOB + OC

l+m+n
T9Y, O

REEE 13 AABC OWEICE P B35 >T 24D + 3BP + 40P = 0 RO I>TVS
L. 89 AP OERMR YD BC ORR%ZE QrLEd,

(1) AP % AB £ AC #BVWTRLTTFEW,

(2) BQ: QC. AP:PQ ZRHTTFEL,

(3) m#ELL APBC : APCA: APAB ZR&®OTTF LY,
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(1)
9AP +3BD+4CP =10
9AP + 3(BA + AP) + A(CA+ AP) = 0
9AP = 3AB + 4AC
ﬁ:%@jtgﬁ
(2)
3 4 7(3 4
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CEIIBZDT. 8D AP % L fEERT B LW BC Z 43 ICAD T BRIC—HI 3FH9HD. C
nH=Q TY,
#>T. BQ:QC=4:3TH>T. AP:PQ=7:2HDZET,

(3) 22D=AM APAB, APCA &I B . HEBEDEID AP #1520 E ZNIEREDLIZ
BEDLICED EFTH. CORIDOLIFREDREILED AQ 1522 2D=AR, AABQ, AAQC
OEBLLEELLBE>TVET,

LhL. CotiFENZhDEDD BQ,QC THRLEZHIZ. BEHRERILTHBIEIS
EDDLLLFELWEN DD Z0T, HEREELIE (2) TKROHE 43 IZHE>TVWBETY, T T
APAB QERZ S 93, APCA=35T9,

RICAPAB,APBQIZEE LT TNhENDEIN AP, PQ THIELEZDZLEEIHELTY
H5. BREEEIORIDLLEED. ZHUS (2) TROFKIC7T2TY, #>T. APBQ =28
THHIENFID LT

2<BEKRIC APCA, APQC IZEE L TEHBLLZFHE T2 LEKIC 72 TIHS. APQC =
236 = 2 THBIENDPNDET,

HMUEIZED.,

APBC = APBQ + APQC = %s + %S =25

LRBDT, fERERDHB 3 >O=AROEFRLLIE
APBC : APCA: APAB =

DN =

LBBENMDHIDELL, a

HEAXEE 14 s>1,0<t<1,0<u<l¥LZF?,
=@ ABC DL AB%Z s: (s— 1) ICARTB3R%E S. LBCZt:(1-1t) ICARTD
mET. BCAZu:(1—u)ICRRTIRZU LLET,

CDELE3IRST,UDRA—ERLICHZ-DICHE+TTEEIF
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THZZ L (Mevéihaog(XARFTR) DFEE) ZFBAL TS L,
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A8 = sAB, AU = (1— w)AC
TIh 6.
AT = vAS + wAU
CEITIE.
ﬁ:vs,@—&-w(l—u)z@
T, MEXICENE BT : TC=t:1-t TTH 5.
vs=1—-t, wl—u)=t

TH-oT.

HahbEJ,
RTHER SU LICHZT-HDEMHEIFv+w=1TLENS, CNEEFTIL
1-1¢ t
s + I—u !
1=-8)1—u)+st=s(1—u)

b, Tnid
sfl.tfl'uflz

s t [

EEWRLIEDBDOIC—HLTVET, O

1

KREYH 15 SAP-1flE 1213, 2 G H=AROIOLPARICHZHRICHEDIL
DTL&SH? EXTHTTFEL,

DT IC TR OB ERFROZSE T,
ERLED

AGCB : AGCA: AGAB =51 :52: 53
THB LFEL& D,

£9. AGCA: AGAB = S5 : S3 h'6. AG ZHBED Z X NITEBELLIEE DB D,

h12h2252253



Revised at 08:13, October 14, 2025

DBoHDFET, T2 OLELS. AD ZHEERDEEZXT
ADCA : ADAB = h1 : h2 = S2 : S3

RO FEIH. ALZAFICEVWTSERENTNOEL%Z BD, DC tEZNE. Ch5i3E

THELVOTERBLLREIDOLIZ—HLT
BD:DC=S55:5
THBEDIDDET, #-oT
D — SZ@ + Sgﬁ

So + S3
> TWETD,

RICAGAB : AGCB = S5 : 81 h'5. BG 2#HEEDZZNIEBLIIE SO RD,

ha:hs = S3: 5
HEAMDET, $HLOLN 5. BE ZHEBEILEZT
AABE : ACBE = hy : hg = S3: S
LBDEF, CCT
AABE — AGAB = AGEA, ACBE — AGCB = AGEC

IEFEThIL
AGEA : AGEC = S3: 51

O EITH BLZARICEVWTSER TN ENOELD%Z AE,CE tEZNE. ChEldRE

PELVWOTEBLLIGEIDHkIC—HLT
AE : CE = Sg : Sl
THB I EhADFET, ’E>T
ﬁ: _Slﬁ“’SBB?

—S1+ 53
Hm-o>TWE
ZT. AC = nAD, BG = mBE £ B3I
—Slm —_— ng
BG = mBE — BA B
? mn —S1+ 53 +*S1+53?
HdWE
AC = nAD
A+ B - SN _ap e S
Sa + Ss3

ﬁ:(&n,Q@+SW(@+m)

So + 53
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=(n-1) E + Sgn B?
Ssn
1 — n 414> + S, + 5 ?

YESEAIC BO 2B ICEIRTENER. ChICEoT
—Sim g, Sam @ pm@ﬁ Ssn_ g

—S1+ 53 —-S1 + + S5

( —-Sim —|—n—1)BA:<— Ssm n Ssn )B?’

—S1+ 53 —S1+ 53 So + 53

HESHETH. 200TTI%2— BA, BC BETTRAVO THRIIETEILD 0 ICA>TH
FruEWiFrswEIch b, EIrAER
_*Sfrs3 + Sziga =0

S — 51 So + 53 N — — .
3 — - = b N o «
AEBI. CHERINEm = — 202 n = P BN ET, CHERES
B _S Ss
BC= 55 At 5 s s b0
BO+0C = —ggrg (BO+04) + 75— (B0 +00)
50 —S104 + $:0B + S50C
oC =
—S1+ S22+ Ss3
CRBEDDHNDET,

CORIC. B GH=ZHEONBICHZEI. HIchd “BOER ZHO0=AWEEZITL
BN ORBRRICEDET, ChIBAPROMUET 7 Z—DREBIRRTI 1

RGHLDLICH S 1=-DILOERIEEICH S1=DTBEIL S5HBD EXTHTFEW, O

BEAEY 16 =ALO3ITERAD o,8,y DEERDPHEDIDTEERLTLEETW !

tan a + tan 5 + tanvy = tan atan S tany
sin 2a 4 sin 28 4 sin 2y = 4sin asin S siny

y=7—(a+p) TIHH5.
tany = tan(w — (a + B)) = —tan(a + 38)
THo>T.

tan « + tan 8 + tany = tan « + tan 8 — tan(a + )
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= tan(a + 8)(1 — tanatan 8) — tan(a + 3)
= —tanatan S tan(a + 3)

= tan atan S tan -y
_H\

sin 2« + sin 28 + sin 2y = sin 2« + sin 28 4 sin 2(7 — (a + B))
= sin 2« + sin 23 — sin 2(a + )
= 2sinacosa + 2sin S cos B + 2sin(a + 3) cos(a + B)
= 2sinacos a 4 2sin B cos 8
+ 2(sin acos B + cos asin B)(cos a.cos S — sin asin )
= 4sin acos asin® B + 4sin” asin B cos B
= 4 sin asin B(cos asin 3 + sin « cos 3)

= 4sin asin Bsin~y

THHH X, a

REEE 17 ZAFOED - Nd - EDIF—ERLEICHZEFEZIABLTTIV. COBEREZ
Euler 2 EWE 9 (L.Euler, 1767),

= ABC OEDE H, HD% Q. BELE G L LT, 1948 — GH B&UT T 04—
GO EHBELTINSATTES 3 SFA—EELICH3FICHD T,

o, B,y Z=Af ABC D3 DODRRALTR L. Mid 7 BOTRIF
tan o + tan 8 + tany = tan atan 5 tan -y
sin 2« + sin 23 + sin 2y = 4 sin asin B sin vy
PEDIIEEY, CnoSEFERE.
cos « - cos 3 g cos 7y =
= A B
@ QSinBsin'yO ZSin'ysinaO +QSinasinBOC

OH=—1 oay—1 o+t oc

tan 0 tan tan~ytan o tan atan g

_ cosﬁcoswoﬁA " cosvcosaOﬁB " cosacosﬁOﬁC

sin B sin 7y sin ysin o sin asin 3

CHEITBHIEFELTHEXT, 75¢L.

— — —
GH =0OH - 0OG
— — —
cosacos 3 = OA+ OB+ 0C
- —O0C —
sin asin 8 3

__cosfcosy 7

COS 7y COS & O%
sin B siny

siny sin
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sinfsiny 3 sinysinaw 3 sinasinf 3

:3cosﬂco.s'y f.sinﬂsin'yO*A
3sin B sin-y
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3sinysin o
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~ 2sin Bsiny 2sinysina 2sinasin 8 3
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=(—F77——-—5)0A — - ]OB 0 — - | O0C
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TIDED LT a+ 8+ =ric&hud

:300505.— 25i.nﬁsinﬂyOHA
6sin Bsiny
3cosy — 2sinasinf 7
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3cos,6’—251n’ysinaO%B+

6sin ysin « 6 sin asin B
_3Bcos{mr— (B+7)}— QSinﬂsinVO—*A

6sin Bsiny

3cos{mr — (v+a)} — QSin'ysinonHB

6sin-ysin«

4 3cos{m — (a+ B)} — 2smasm,6’0—>c

6sin asin

:—BCOS(B +.’y) —?sinﬁsin’yoﬂA
6 sin siny

—3cos(y+a) —2 sin'ysinaoﬁB

6 sinysin o
n —3cos(a +.6) —'25ina sinﬂO—*O
6sin asin 3
3(cos B cosy — sin Bsin~y) + 2sin 8 sin’yOﬁA
6sin Ssiny

_ 3(cosycosa —sinysina) + QSiH’YSiHOLO_’B
6 sin ysin

_ 3(cosarcos B —sinasin §) + 2sinasin 8 37

6 sin asin 8 oc

_ 3cosﬂc0.sw f‘sinﬂsinyOﬂA
6sin B siny

3cosycosa —sinysina = 3cosacos S —sinasinf
- i TR — oc

6 sinysin « 6sin asin 3
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IO —EE o SRR L BERIEM EO L EDTHD . JUEMLEHEEAEVTT,
> LEMRICKASMICIIET 3 L HHEETT AL ZORHICIEVN 3 WS AR AR A%
BICHDET,

BlziE, EORER. DED.GHQH % 12 IKHSLTVS Z L& H>TWHIE 30C—QH = 0
THBLEFTIERL. BIRIE HC D AB LEETHB LS

(3QC — QH) - AB = (QA + QB + QC — QH) - AB
— (QA+ QB +HC)- 4B
:(ﬂ-‘r@)-zﬁﬂ-ﬁwﬁ
— (QA+QB)-AB
— (QA+QB)- (QB - Q4)
= QB - |Q4?
=0

BEDDEFH, £<ERICLT 30G — QH)-BC =0 9N B30T, 30C — QH = 0. D
£ Q,G, HIEA—ERLICHZehabhbET, O

HEEE 18 =Af ABC OED%E H. D% Q L TBLE.
QH =QA+QB +QC

EREBZCETLTLIREEW,

RH = RA+ RB + RC
EWHIRRZEZZT Y. EFNICIE
RO + OH = RO + OA + RO + OB + RO + OC
OH = 2RO + OA + OB + OC
@:%{WHO-B)JF@—&?}
BREEAREEZEZDLICEDET,
i BC opg%ZE L 3,
AH = Ak + RH
— AR+ RA+ RB + RC
— RB + RC
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2<ARICE RDID CA AB DEE2EMRLEICHZ bbb FETH 6. £B. R IEHN
’E\ Q T3, O

REEE 19 AABC OBERKMSHBICTS LILERORZ F
D,E,F tL. 3ERDORXA. I5ELZ HELET, COLE
H & ADEF ORDLTHBZ &AL TTE L,

TED=AF, ABC DEEEDO X CAICHIAICRFEDITTEETET., LK RBLBALULA=ERA
EHHDETDT, CABRRLICE>TWVWET

;) G)

B2 e

FYERTBDRBMAR, AFHE TS /AFH = ZHEA =3 TH3DT.
/EAF + /FHE =

EHH->THED. COMBREREERABOMY n TIHSAICHETEZIEIDHIDET
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T3ERDEFICRIED LDFH = /DBH = ¢ TH 3ELVDHD EFTH, Thidgs FC H
B EFD D2FESRICE>TEZEERLTVWET,
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B D C
2%h. =AK ABC OBOH Id. =AK DEF OREERAD 2EMRORAICHE>TED,
=AR DEF ORDMC—HLET, O

REEE 20 ZAROZLOPRZEZAORLITOZAFONDEELDHRTH S C
CEmLTLIET L,

atBty=r DEERICSEELET

tan « + tan 8 + tany = tan o tan 8 tan -y
sin 2« + sin 23 + sin 2y = 4 sin asin S sin~y

ChozERE. D Q EEDH OUBITTI2—1F
@ _ cos o 5 s+ cos 3 OHB n cos 7y OHC

2sin Bsiny 2sinysin 2sin asin 8
O—}} _ C(.)sﬂclosvoﬁAJr C(.)s'yclosaOﬁB C?SOZC,OSBOHC
sin 8 sin y sin 7y sin sin asin
LHEITZDT. INS5OPR M I
00 + OH
_ cosaJr.200§ﬁCOS'yO%A
2sin B sin vy

cosﬁ—&—_Qco‘swcosaO—’B_F cosw—i—?coajacosﬁo—'c
2sinysin« 2sin asin 3

(sin v cos a + 2 sin acos B cos ) OA
+ (sinﬂcosﬁ—i—QSinBcosvcosa)O?—i— (sin’ycos*y—&—ZSin’ycosacosﬁ)O?
2 sin asin B siny
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(sin B cos B + sin vy cosy) OA
+ (sin~y cos~ + sin a cos ) OB + (sin a cos v + sin 3 cos ) ocC
2sin asin Bsinvy
_ (sin28 +sin2v) OA + (sin 2y + sin 2v) OB + (sin2a + sin 23) ocC
o 4 sin asin B siny
_ (sin2B + sin 2) @}1 + (sin 2y + sin 2«) O? + (sin2a + sin 23) O?
h sin 2« + sin 23 + sin 2y
O — (sin 28 + sin 2) OA + (sin 2y + sin 2a) OB + (sin2a + sin 23) oc
o 2 (sin 2 + sin 28 + sin 2)
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T,
=AF AABC ICBEWTI BC,CA, AB D&HE%E My, Mp, Mc £ T3 L.

%(O-B>+O?), mzl((ﬁ+(ﬁ1)7 ()—1\45:1(074+0-B>)

2 2

OMa
TH-oT.
/McMaMp = /CAB =a, /MiMpMc = /ABC =8, /MpMcMs=/BCA=~
TIHS. =B AMsMpMc ONEFOHL (D) F OMET TV 2—Id

s
O? __sin 2a0M 4 + sin260Mp + sin 2yOMc
N sin 2« + sin 23 + sin 2y

sin2at (OB +0C) +sin284 (OC + 0A) +sin2y% (04 +OB)
- sin 2« + sin 23 + sin 2y
_ (sin2B +sin 27)(74> + (sin2y + sin 204)0? + (sin 2« + sin 26)0?
N 2(sin 2« + sin 28 + sin 2)
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EH. G IRV E—MAALICHD XY,
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i£>T 48 Mp,Mc,Dp,Dc dE—ARALICHEDE£T, CDOEE MpDp, McDc 1T DA
NDEETT,

Ffew LDcHeMc 1E 2 DT He & McoDe Z2BREIB3RLCHADLICHD . LDgHpMp
BHEIRIC T BDT Hp d MpDp ZEREITBRLADEICHD FT,
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