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2.11 The Herglotz trick

The Herglotz trick is basically to define
N

1
Z T+n

n=—

lim
N—o0

f(z) :==mcotmz, g(x):=
and derive enough common properties of these functions to see in the end that they must
coincide. Namely, it consists of showing that:

(i)f and g are defined for all non-integral values and are continuous there.

(i) They are periodic of period 1.
(iii) They are odd functions.
(

iv)They satisfy the same functional relation

r(5)+1(550) =2r@n g (5) +o () = 2to)
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(v)By defining h(z) = f(x) — g(x), and setting h(z) := 0 for x € Z, h becomes a

continuous function on all of R that shares the properties given in (ii), (iii), and (iv).

Now the "trick” is to use all these properties as follows. Since h is a periodic continuous

function, it possesses a maximum m. Let zy be a point in [0,1] with h(zg) = m. It

n(G)en () =2m

and hence that A (””—2") = m. lteration gives h (;"—"

by continuity. But h(0) = 0, and so m =0, that is, h(z) < 0 for all z € R. As h(z) is an
odd function, h(z) < 0 is impossible, hence h(z) = 0 for all z € R.

follows from (iv) that

) = m for all n, and hence h(0) = m
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= 1 1 \
W(z+1)+ ICEnik
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k_opk—i—m
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LNET,

TF (s£1). INAEHBTNERBICESE 322 115
FIC (3.2) DFELT s — ¢t DERE & hid
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Frz. BER36.11E BBOBLIRFOEETE &
=% 3.6.1 .
1 1 1 2log2 =U(22) —¥(2) +¥(22) — T <z+)
U(22)=-U(z)+ =¥ (z + ) + log 2 2
2 2 2 1 pr—1 _ p22-1 1 "L'Z*% _ p22-1
:/ 761“/ TR g
0 1—$ 0 1_.13
1,.2-1 z—1 2z—1
. T + 2?72 — 2z
IEETNIE, 2= 5 DEE, :/ dx
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_/1 y2n71(1_y2n)+y2n71(y_y2n)dy
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2 2 2 2 _/ {2n 1(1+ I 271_2)_’_y4n 2}d
= ; Y Y Tty Y
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ERYETHL, REOED% THDHIZEMMLNTWT, BEFEIRFZIE
1y4n—2 1 1
dy:/ y Pl —y Yt =yt )dy )=y
/01+y o ( ) v > v —2log?2
1 1 1
_ _ = 1 3
4dn — 1 4n+4n—|—1 \1/(3):_7_\[71-_21 3
EEETIIE 9 J3r 3
1 1 1 1 1 1 7 () I GRS P
log2 = — + foot—— b —— - ——— — 3 62
2n  2n+1 n—-2 4dn—-1 4n  4dn+1 1 .
LEC T EHHEET, ‘I’<4):_7_2_31"g2
ZOHED (IhE Rn) EBLZEICLET) A nlKd bRV ERRDES ICHMY 3 .
Ul|l—|=—v+-—3log2
£7. 4 2
BAD 55 & 5ig OWATTNTHHEDFIC 2 £RF TP L o (é) _ \/2§7r 2log2 - glog?)
2 2
—t — 5 3 3
4n+4n+2 W<6)7+\[27r210g2210g3
sy, IhEXRMOBAYTEF FrrEL—YavThid
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Ik nIEA05E 1 EE
P log(1 — 17)

THEIENIDMET, £l 1ORBpERDO1 D% £ &ThIE

<ef+@wkku+@w“1=%’j“i“i%““

0 otherwise.
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Digamma B OMBERT (B.1) F, 2 PEEHO0<g< 1 THD X,
HTOEZFE>T
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i < mym myr) 2

= — [ cot —— — cot - =
2p p p P
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